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ABSTRACT 


An approach to quantum field theory known as 
hyperquantization is reviewed. This formalism is then 
applied to the quantum electrodynamics of a spin 1/2 
field. The result is a gauge invariant theory contain- 
ing an operator S whose matrix elements agree with those 
of the conventional S-matrix of quantum electrodynamics, 
but in which the use of an indefinite metric can be 
avoided. Furthermore, the approach is used to quantize 
the system of interacting electromagnetic and spin 3/2 
fields, and it is found that the well-known Gifri cul ey 


of negative field anticommutators does not arise. 
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1. INTRODUCTION 


The theory of quantized fields involves two inter- 
related mathematical systems. First there is the general 
scheme of field operators satisfying equations of motion 
and commutation relations, and second, the linear vector 
space with its associated probability interpretation repre- 


a In the conventional approach 


senting the quantum states. 
to quantum field theory one begins with the equations of 
motion for the fields in the Heisenberg picture, and 
attempts to set up commutation relations in such a way 
that these equations of motion are compatible With) the 
Heisenberg equation. The linear vector space ec en 
constructed using the Fourier coefficients of the fields. 
While this procedure is satisfactory for comparatively | 
simple systems, it leads to difficulties when dealing 
with more complicated interactions such as those involving 
higher spin fields”? or non-local tere tons. a 
In this thesis we shall describe a somewhat diffe- 
rent approach to quantum field theory. It begins with the 
introduction of creation and annihilation See 
ec meee nnn 
*) Technically, we should say raising and lowering 
operators since no particles are created or destroyed. 
However, to be consistent with other literature on the 


subject we shall continue to say creation and annihila- 


tion operators. 
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satisfying appropriate commutation relations, from which 
a general Fock space is constructed. Since the creation 
and annihilation operators do not satisfy equations of 
motion, the space so formed has, as yet, no connection 
with a physical system. The so called physical states 
are then formed from those vectors of the general space 
which satisfy certain supplementary conditions. It cS 
these conditions which correspond to the equations of 
motion in the conventional theory. The energy-momentum 
operator for the system is defined in such a way that the 
defining commutation relations of the creation and anni- 
hilation operators lead identically to the Heisenberg 

Tt turns out that this theory is the same as 


6) 


that proposed by Klein”? anaeeoester= , and is’ called 


hyperquantization. 

Chapter 2 reviews the general theory of liyper— 
Sasneszacione. The physical states satisfying the 
supplementary conditions are explicitly constructed and 
shown to be eigenstates of the energy-momentum operator. 
Field operators are introduced such that their matrix 
elements between physical states yield the wave functions 
of the system. The matrix elements of simple products of 
these operators are found to satisfy equations analogous 
to the Matthews-Salam equations for time-ordered products 


8) 


of field operators in the conventional theory. 
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For interacting systems, the states are explicitly 
constructed by means of an operator S. It is this opera- 
tor which is the analogue of the S-matrix in ordinary 
quantum field theory. It will be pointed out that the 
proof of the relativistic invariance of the S-matrix of 
hyperquantization is relatively straightforward, whereas 
the proof of conservation of probability (corresponding 
to unitarity in the usual theory) is Uonelsese In 
second quantization the opposite is true. Unitarity is 
easily proven whereas relativistic invariance can only 
be shown to given orders in the perturbation expansion. >?) 
The reason for the simplification as regards the relati- 
vistic invariance in hyperquantization is that, as we shall 
see, it involves no non-relativistic operations such as 
chronological ordering, and terms depending on the normals 
to space-like ke pede domnotuwerise as they do in’ the con- 
ventional theory when dealing with derivative couplings 
and non-local enters cticns! 


It may be asked to what extent hyperquantization 


can reproduce the well-established results of ordinary 


a 
x 

) In this sense hyperquantization may be said to 
correspond to the so called T*-product formulation of 


the usual Dee 
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field theory. The fact is that for simple systems the 
results of this formalism can be shown to agree with 


9) 


those of Feynman-Dyson S-matrix theory. Tn particular, 
as will be shown in Chapter 3, the S-matrix elements of 
hyperquantization agree completely with those of the 
usual theory in the case of an electromagnetic-spin 1/2 
interaction. In demonstrating the agreement between the 
two theories of quantum electrodynamics, we must take 
care on certain points. Since in hyperquantization there 
is no field equation, concepts such as current conservation 
and gauge invariance have to be reexamined. We shall see 
that, while the local current operator is not conserved, 
its expectation value between paysical states is. 
Furthermore, we shall see that the expectation value of 
the electromagnetic potential is indeterminate to the 
etrentchat. tie four-divergence Of anvarbDitrary c-number 
may be added to it. Corresponding to the gauge invariance 
of the usual theory, the S-matrix elements are not depen- 
dent on this arbitrary c-number. Conservation of probabi- 
lity (unitarity) can, in this case, be inferred from the 
exact agreement of the S-matrix elements with those of 
conventional quantum electrodynamics. 

An important aspect of hyperguantization is the 
fact that the field operators satisfy an extremely simple 
algebra. In fact, the commutators or anticommutators of 


these operators are identically zero for arbitrary space- 
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time separations. Now, Johnson and Sudarshan have shown 
that, in the case of an electromagnetic-spin 3/2 inter- 
action, quantization using standard techniques leads to 
fermion anticommutators which are non=positivesdefinite.~? 
Indeed, by a suitable choice of Lorentz frames, they can 
always be made negative. Because of the simpler field 
algebra involved, we might expect that this problem would 
not arise at all if the same system were hyperquantized. 
That this is in fact the case will be shown in Chapter 4. 
Unfortunately, the situation as regards the con- 
servation of probability is not as simple as for the 
electromagnetic-spin 1/2 interaction, because no S-matrix 
elements have been 
to compare our own. No general proof of this condition 


has as yet been found and we must rely on perturbation 


expansion arguments to demonstrate it. 
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2. A REVIEW OF HYPERQUANTIZATION 


We shall here present the theory of hyperquantiza- 
7) 


tion as formulated by Y. Takahashi following Coester's 


B) The basic idea of hyper- 


original paper on the subject. 
quantization is to introduce creation and annihilation 
operators from the outset, to construct a general Fock 
space using these operators, and from this space to select 
the physical subspace by imposing supplementary conditions. 
It is these supplementary conditions which replace the 
equations of motion of conventional field theory. AS we 
shall see, in this formalism the field operators obey a 
simpler algebra than do their counterparts in the 


usual theory, whereas the linear vector space involved 


becomes more complicated. 


2.1 The Wave Equation 


In this section we state some of the properties of 


the wave equation of the form 
A (2) Tuectater = 0 Onl) 


where ees) is a wave function of the point x in four 
dimensional Minkowski space, J stands for a kinematical 
label such as momentum or angular momentum, fr indicates 


a spin orientation, and A(0) is a linear operator over 
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the space of the wave functions. The material in this 


section is well known and is presented here only for 


convenience and clarity. Derivations and explanations 


may be 


found in reference l. 


We restrict ourselves to operators A(9) which 


satisfy the following conditions: 


(A) 


(B) 


(C) 


(D) 


exists 


where 


There exists a nonsingular matrix n such that 


[nA(3)]" = nh(-a) (2.1.2) 

it esisvor, thesrorm 

(en: Se ea aoe G (22 } 
Q=() ; 

The Klein Gordon divisor a(sjeexists such that 

hOjata) = d@)AG) =O- nm ees) 


The unitary, symmetric charge conjugation matrix C 


such that 


fai (a)]¢.=.0.Ce~ na(-a) c (2.1.5) 


1 for fields with integer spin 


D 
Il 


-1 for fields with half odd-integer epiney. 
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The quantity defined by 


< <— 
r -d) = + - + ~ 
Fue cael Raped a) yy Cy 2 98, 48,9, tees 
Cail) 
where A 11 have been symmetrized with respect to the 
ees Q 


indices, plays a role in the following discussion. It 


satisfies the identity 


/ 36h 2 od ees Nel Raa 2 ai i Smet . (23) 


Equations) (2.1.1)/, (2-124), and (2.1.8) may be rewritten 


R(a)ul*? (x) Se ems 
fila yo t wis d (0) (eee me : (2e1e 10) 
K(d) - A(-a) seh, fh 9), (8-78) : (Pen e D) 


respectively where 


K(d3) = nA(d) + (2 lees 
= ay 

d(9) = a(a)n F (22 erie} 
deed) = nt (3479) ; erage 


and it is this latter notation which is more convenient 


for use in the following discussion. 


(xr) 


Now let us take u, xy ing (2.1.9) to be a positive 


frequency wave function and define its charge conjugate 






ru : midem’ VIALS octT 
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function 

APES = SSeS (2.1.15) 
which satisfies 

Meike cs sm ee miele) 


by virtue of (2.1.5) and (2.1.9). These functions satisfy 


the normalization and closure conditions 


~if (49, (x) uf) OOF, (ap-S)ust ) (x) = bppiSzz1 7 (222217) 
-if do, ov) Ge F Acre dhece V(x) = —pdpprOgze 7 (2-21-18) 
-if ,d0,, owl) GF eps Le (es) 
Ns af) oul!) oy) 5 Peta’ (ee) ae (2.1.20) 
ry 
} vl) Gv 2)" Gn) Beihai ee hy) (Gates 


and can also be shown to obey 
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(x) my eh. = = ee (0) 
veer a Jag oy, Simca a(n) Mee) Dacre? Vg (x) 
(2515205) 


where AG. emcne causal Green's function of the Kiein— 


Gordon equation and, therefore, obeys 


K(9)d (a), (x-y) = GEN ee (2.1.26) 


Pag en S| perquantization of Fields 


Hypexrquanti zat 

Hyperquantization of a field begins not with an 
equation of motion, as would the conventional quantization 
of the same field, eee Wiech tic introduction of creation 
and annihilation operators, depending on pornts an 


Minkowski space, and satisfying the relations 


M" 


4 
a, (ag (y) = ptag(y)a, () 55° ) tx-y) (22 a0) 


II 


ba (x) bp (Y) . pb! (y) bp (x) eae) (x) (2.2.2) 


with similar commutators of other combinations ol these 
operators vanishing. Here @ and g are labels denoting 
different components of the same field as wollacecisretene 
fields. These labels will be suppressed in the following 
Giscussion. The constant p' is #1, and we shalief.x Lt 
later according to (2 geo 

+ 


: + 
The creation operators, a4 and b', can now be used 


jn conjunction with the vacuum 2, defined by 
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a(x)Q. = b(x) 2, = 0, 2a es) 


to construct the orthonormal vectors of a Fock space in 
the usual manner. Since the operators in (2.2.1) and 
(2.2.2) do not satisfy any equations of motion, the space 
so constructed has no physical significance. The physics 


is brought in by selecting vectors { which satisfy the 


conditions 
A(d)a(x)2 =O , (ra. 4) 
and 
_ < 
b(x)A(-d)2 = 0 . (25255) 
These vectors 2-can be explicitly constructed by means of 


the operators 


a 
ten, = fax a! (x)us™? (x) ; (27256) 
1H rt 
Bit) = 9 fax rate) esis ese (aed) 


To see this we note that (2.2.1) and C22 ca) GLve 


+ 7 

a(x)a\*? - ptalt) a(x) = emer ce F (2525-0) 
+ + + 

b(x)B)") - p Bit) ate ayaa Cone (2.2.9) 


and that consequently 


+ + 
R(a)a(x)As™” é. HOS nreatne je Mone See Seen (2.2.10) 
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by virtue of (2.1.9)and (2.1.16). ‘Therefore, we have 


(x)? 


iP 
(x) = p'A; 
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A(d)a(x)A 


which proves that if a vector 2 satisfies (2.224) sche 


(x)? 
vector As 


© Wdoasc alco. cimilarly,. bf Q satisfies (2.2.5), 
a 

so. does ie 0.8 “Since, the, vacuum Qe obviously satisfies 

(22.2. 4)mand o(2..225)) as a consequence Oe te2 4245: 4a we teon— 


clude that the vectors 


Q(r,I,-- eT Ini s,K,---s,K,) 
1 1 m ee n (anje 
=—- — I A, TI hee Pe (Denis) 
Wit poy nie i= 1) eed yea 


and any linear combination of them will satisfy these 
conditions, and will be called physical state vectors. 
We now define the momentum operator = such that 


the Heisenberg equation is satisfied. That is 


SARC [a(x) +P J P (Dea) 


as) [b{x),P J j (Je eos 


with similar relations for a’ (x) and b! (x). It is easily 


seen that the operator 
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Beeler fink T e T 
P= - F ifa’xfa’ (x) (3, Sax) +b (x) (3,.-3 )b (x) } 


(Oren) 


satisfies the above equations. This is not a unique cons- 
truction, however, since the addition of a c-number to 
(2.2.16) will leave (2.2.14) and (22.15) unchanged. We 
can make it unique, in the absence of massless Particles 
by requiring its vacuum expectation value to be zero. 

The problem in the presence of Massless particles is as 
yet unresolved, and we shall not Consider it further 
except to say that it is present in ordinary quantum field 
theory as eee 


In the same way, we note that the operator 


Oe fatxtal (x) a(x) = b! (x) b (x) } i (2a) 
satisfies 

a(x) = [a(x),Q] , (2a EO) 

-b(x) = [b(x),Q] , (252519) 


and will, therefore, be identified with the charge operator. 
It can be shown that the vectors (2220 3 ued be 
eigenvectors of the momentum and charge operators. To 
prove, for instance, that they are eigenvectors of H=-iPy), 
a Rs na ee ern eee Sy ere 
oe The requirement that the ee oie and angular 
momentum satisfy the Poincaré commutation relations does, 


however, result in a unique bere 
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we proceed as follows: Suppose a state Qasr say, is an 


eigenstate of H with eigenvalue E. That is, 


Ho. = EQ. - | (one 20) 


Then it follows that 


Seals = [H Reo ae +E cee (Jee 213) 
J 1 eT | 1 J E . eel 
Now using (2.2.6) and (2222 14) we find 
a9 00 al 
os Ke ae 4 (x) ae (x) 
H As == A ax Us (x) aE 2 (x) @) + E As 25) 


ch (iste Sadie lean edits 


ol 


= +i fatx at es) sr 


—0o 


ac 
ee (x)Q, + E pute (2 eee) 


v that the expectation value of the first 


It can be shown 
term in the final expression above vanishes, although we 
shall not give the proof here. Therefore we shall eliminate 


Teeeethen, noting that 


odiew), * (r) 
where Es is the frequency of the wave function ae ee we 
have 
4 7. 
(x) o (x) 2 





i see 


ir 
and similarly for Bend Qs: Now, it is obvious from (2.2.3) 
ano te. 2.0 Pp cat 
HQ. =O ee (Oa Zia) 


Hence (2ecclcjeand  (2ee6c4) give 


HQ (xr Ped ee hee ce he) 
m m 


Lee ee i! eed 


n n! Sak 1 


which completes the proof. 
As is easily verified, the norm of the vectors 
(Zeoe to yeis antinice. 9 fo avoid this difficulty, we 


introduce the dual vectors 


m m 
es cep? a 
= eS Dee 7 (20 27) 
Vnta) vnih 2=ide ja le) ae 
with 
AIGA OE ORE TeSy eam ee tea Pine 
J eT oie tie is eas a) es 
S050 a ae if_do ee ea (9,-9)b! (x) (2.2.29) 
Kage. Wo Ti Gath a K diez ; Page 


We can now prove, for instance, that 
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(hirgie). ea (cts ) yee be 6 : (292-30) 


(2( ¢ sK), @( :s'K') (231) 


II 
O 


but the details of this will be left for the next chapter. 
More generally, it can be shown that the orthonormaliza- 
tion condition holds between & and Q. Accordingly, we 
define the matrix elements of operators by sandwiching 


them between Q and 2. For example, consider the operators 


a(x) +i f atx! G(a)A (x-x')b" (x") ODED 


—0o 


o (x) 


moe oe Gy tt fd ea (ame ox)d(—8) (20033) 


—0C 
The non-vanishing matrix elements of these operators are 


given by 


(Qo, 608) Q(rIF)) = SoM Glee (2.2.34) 


E = + 
tek ey, Ae) baie aoe ue GT, 8-3") 


x A (x'=-x)d(-9) 
c 
T 
Sythe! eal og (225) 
where we have used (2.1.22). Similarly, 


qe 
(95, §(x)2( 78K) = pe" v_o) ) (2.2.36) 
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(AC; SK), (x) 2) = vehi . (2.2.37) 


Equations (2.2794) -(2.2.37), show that, if we assume the 


relation between spin and statistics 


a a Ag Fie (292338) 
we have 
(Qo g(x) V(cT7 V) = (A(T; dy O(x) AI" (zee) 
(QC: sk), $(x) @) = (5, (x) Q(z SK))". (2.2.40) 


More generally, as will be shown in more detail for the 


(Barth (%y) 0-9 RQ) Oy) ++ Og) 1%) 


Ee fre ee b(y4)b (ey) oF (xq) 124)" Leer oe eA 


That is, $(x) behaves like the Hermitian conjugate of ¢ (x) 
when sandwiched between physical states in a normal pro- 

duct. These operators, which we shall henceforth call the 
field operators, satisfy the remarkably simple commutation 


reiations 
b(xdoly) — pt olylo(x) = O(a) bly) — p'd(y)o(x) = 0, (22947) 


o(x)oly) - p'o(y)o(x) = 0 , (2.2.43) 
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as is readily verified using (200.1) and (2.2.2) aLong 
with the definitions (2.2.32) ANG ls ee oo) al aS mentioned 
previously, it is this simple operator algebra which is 
the basis for the usefulness of hyperquantization in dis- 
cussing the electromagnetic-spin 3/2 interaction. 

In the presence of an interaction we select state 


vectors which satisfy the conditions 
{K(a)a(x) + T(x)}¥ = 0, (2.2.44) 
{p'b(x)R(-8) + d(x)}¥ = 0, (2.2.45) 


where J (x) and=J(x) are sources of the ere WAL and 
6 (x) which we shall assume are Gerivable from a functional 
H(x) of o(X), (x) and their derivatives according to the 


formal relation 


6H(x) = J (x) 66 (x) + J3(x)6o(x) + (divergence Perm nate eo 


As we shall demonstrate for the electromagnetic spin 1/2 
interaction in the next chapter, the states ¥Y can be 


explicitly constructed according to 


vO js Osk (272-47) 


with 
exp {-i(—i + H,)} (2.2.48) 
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and Hy is a c-number constant defined such that 


(V7 1S te) eee (22s e) 
We shall see that the quantity 


(Dor (Hy) ee O(K_) PUY) +O QIY) (2.2.51) 


satisfies an equation identical with that derived by 
Matthews and Salam for the chronological product of 
operators in ordinary lel ds tiecory -s FOr arerencemn. 
RB) (508 (I$ (yI¥) = £654) Gey) (QQV) — OQ THIEN) 
(Pee e) 


while in ordinary theory, if p(x) is a field operator and 


|> represents an arbitrary state with |0> the vacuum state, 


we have 


R¢ay<o[ ecw (x) wv! (y) [> = is 4) (x-y)<o|>-<o|T(g(x) Wi (y) [> - 
(222553) 


Furthermore, we observe that the Wick expansion theorem 
holds for simple products of operators (Qagea2). Bud 
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and in general 


II 


b (x1) 006 (10 (Yq) oe Ply Q) = 10 Oey) ++ OOK) O (Yq) +O (YQ)! 


+ i (ot) A (a) A, (x y-¥y) 16 OQ) +o OC) O (VQ) +O (YQ) § 


Tons (Peg 8) 


So we see that the simple product of the operators ¢$ and 

6 correspond to the chronological product of field opera- 

tors in the interaction picture in the conventional theory. 
The observations of the previous paragraph can be 

used to show the equivalence, to n'th order in the pertur- 

bation expansion, of the matrix elements of the operator 

“finw(2.2).48)eandsathose of the S-matrix in ordinary field 


9) 


theory. In the following chapter it is this equivalence 
which will be used to show that the conservation of pro- 


bability condition 
) CRS iy Eee Cpr (2.525 56) 


holds. This condition corresponds to unitarity in the 
ordinary theory, and will be called the unitarity condi- 
tion when no confusion is caused thereby. When no S- 
matrix expansion exists in the ordinary theory, as is the 


2) the 


case for the electromagnetic-spin 3/2 interaction, 
proof of (24,2. 56). SenOLes?C straightforward. We shall 


return to this problem in Chapter 4. 


Mftetiae oft bol (xp 







67aoe° mf Baw 


‘ - - Ds CoV} he + «Lee 


Vit 842 +o aa Sw om.” 


“ZSOt TOD >. 
1 


tf 2167 





d } a 
ae 






TT 


OD fl Lb Por aber sb lod 
=i Lhd. 0 simone oontag 


soso Bs 






It is notable that our “interaction Hamiltonian" 
H(x) does not contain the normal-dependent terms present 


in the ordinary theory when higher spin interactions or 


ioe: 


derivative couplings are present. Nor is there any chrono— 


logical ordering of the field operators Ti ee cial 
because all the field operators either commute or anti~ 
commute making the algebra of these operators much simpler 
than in conventional theory. It is for this reason that 
hyperquantization might be expected to be useful in deal- 
ing with the. spin .3/2 field diecussed in Chapter 4.. To 
Davecoce chi Ss simplification we must deal With a J1neen 
vector space whose structure has become more complicated. 
Since our S-matrix elements contain no non- 
relativistic operations, such as chronological ordering, 
it might be expected that the relativistic invariance of 
the S-matrix can be proved more straightforwardly than 
in conventional field theory, where it can only be demons- 


trated to givenorders in the perturbation expansion. 


That this is indeed the case has been shown by Y. Takahashi 


and R. Gourishankar. Since their proof is rather lengthy, 

and since the details of this proof are not necessary to 

an understanding of the remainder of this thesis) g2ceis 

omitted here. The interested reader isureterred) tOsereL.7. 
In the course of the proof, the above authors 


have derived the Ser ationea. 
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[S, My! ee Le 2 (292557) 
[S, P is oe (222058) 
Ae) =EOa © (2.2.59) 


which imply the conservation of angular momentum, energy 
momentum, and charge respectively. Since hyperquantiza- 
tion is essentially an S-matrix theory, the conservation 
of local quantities at a point is not required and, in 
general, will not hold. Whateis required, trather» is 
the conservation of global quantities asymptotically 
which is insured by equations such as (2x2. a5 ]s)i (Deedee) ye 
In the following chapter we shall apply the 


= Gee. Se SR Se Sys = sa A wert Sme oe aD ota 
formalism presented here to hyperquantize the system 


( 


of interacting electromagnetic and spin 1/2 fields. 

We shall show that our treatment can reproduce exactly 
the results of ordinary quantum electrodynamics cael, 
in so doing, justify our use of hyperquantization in 
treating the problem of the electromagnetic-spin 3/2 


interaction in Chapter 4. 
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3. THE ELECTROMAGNETIC-SPIN 1/2 INTERACTION 


The purpose of this chapter is to demonstrate that 
quantum electrodynamics can be reproduced exactly using 


2) 


the method of Peccan ice pinnae In particular, we 
shall show that our S-matrix elements agree completely with 
those of the ordinary theory. The theory presented below 
has the advantages, however, that the Gupta-Bleuler inde- 
finite metric need not be introduced, and that the proof 
of covariance is greatly simplified as mentioned previously. 
Furthermore, since we can demonstrate the exact agreement 
of our S-matrix elements with those of the conventional 
theory, it follows that conservation of probability 
(unitarity) is satisfied. 

Because in our formalism there is no field equation, 
the conservation of “current" and gauge invariance have 
to be reexamined. We shall investigate these problems as 
well as deriving Dysons equations for propagators and the 
vertex, and the Ward-Takahashi identity. 

In order to establish the notation to be generalized 
to the electromagnetic-spin 3/2 interaction in Chapter 4, 


we shall repeat some of the arguments of Chapter 2. 


3.1 Formulation 


We shall formulate the quantum electrodynamics of 
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. . * . . . 
a spin 1/2 field~ The first step is to introduce the 
creation and annihilation operators depending on points 
in four-dimensional Minkowski space and satisfying the 


relations 


ze 
fa, (x), ag(y)} = Sago.) (ry) (3.1.1) 
{b (x), ba (y)} i 0) Gey) (3.1.2) 
fe Ge), chy) = eos ix-y) (Gees) 


with similar commutators or anticommutators vanishing. 
Here a and 8 are spinor indices and y and v are vector 
indices with all indices running from 1 to 4. We have 
assumed the relation between spin and statistics. The 
creation operators a lead bi (x) and a (es, together with 


the vacuum Qe defined by 


a, (x) 2, ee, (324) 
by (x) 2, = Wi (Sie) 
SAE, = tee, (S72) 


can be used to establish a general Fock space. This Fock 
space is then given physical significance by restricting 
tN 
* 
) Note that in this formalism the Gupta-Bleuler wig tee 


definite metric can be avoided. This was conjectured by 


H. Umezawa. 
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the states 2 to satisfy the conditions, 


(vio Fol) ath = Ol, tc aa 
b(x) (-y9 + m2=0, (18) 
Oe (x)2 = 0, (a9 9) 
ac (x)2 = 0. poe Teele) 


These states can be explicitly constructed by using the 


spinor and vector wave functions satisfying 


Crdat muy”) (x) = 0 
res <= .1,2 GS 7n el) 
( (s) re 
V Oecr m)V,, (x) = 0 
and 
CC) A 
oo (x) 0 
tee 2, 4 (3. TL) 
(t) as 
oe ey (x) 0 


together with the normalization and closure conditions 


ifao, (G0) Cxry, ups (x) = 20(p)6, 18 (p-p') , (3-113) 
ifdo, (x) 90° dy, tet (x)= 2wtp)doo.6(p-p') , (3-21-14) 


é x t! 
~ifac, (af) (x) (8,-5 yy ) (x) = 2| kl oy 416 (k-k"), (3-21-15) 
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2w (q) q 
(3.1.17) 
b oe cache (x') =i 4), p!*) (x-x"), (821 18) 
where 
af) (x) = qa ar (31 a9) 
. C ra mrs 
= lel Oe Caw. | (3.1.20) 
: G A 1 
ayia | 
Cy (x) = Ue (X) Dy . (Silent) 
For this purpose, Wwe define 
\t 
am = fa’x a" (x) ay™? (x) ; (3022) 
+ i | 
AE ERA yee aol e 
q q 
c(t)" - end xc) ey yg? Go : (Aue 24) 
Equations (Socal) eco m pees) then imply 
{a(x), & Aah } = Thea) ' (Sle) 
{b (x) of) ery t (301 826) 
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Hence we find, with the aid of (3.1.11) and (3.1.12), 


a 
3) LED hae 


— (yd+m) a (x) AS yotm) a(x) , (3.1.28) 
-b (x) (-yd+m) pis)" = p(s) b (x) (-yd+m) : (3.1.29) 
and 

De, (x) ot) | = oft)" Mc, (x) (301930) 


Since the vacuum 2, defined by (3.1.4)-(3.1.6) obviously 


satisfies the restrictions (337) —(3.l,10)), the vectors 
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will also satisfy those conditions and will be referred 
to as the physical states of the system. The proof 
involves only the repeated use of (Sale 2 j= (3.1 Oe 

As was shown in Chapter 2, these vectors are 


eigenstates of the energy-momentum and charge operators 
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As indicated in Chapter 2, the norm of the vectors 
Gees Ginrinite. To render the states normalizable 
we define a set of dual vectors given by 
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a(t) : : T < (t} 
Cc — “Yh _ = 

k a if do, (xde (x) g,,) (3) 3, ) uy, eae (3.1.42) 
Bye virtue ofthe normalization conditions (3.1.13)-(3.1.15), 
the above operators satisfy 

MG oly Vale Ga) a(r') istry 

POs PA = r = =pt 

{ 5 5 } ol oo } 2u (p) 5,715 (p P yt, 

O23. 143) 


= 2|k[g,,1 5 (k-k") (3.1.44) 


from which it follows that the physical states satisfy, 


for instance, the orthonormalization conditions 


fitereery? vipirt: ;)) = 2aipkos ,oipcp') +, =. *(3.1.45) 

(Q( sqsz), QGaq's'?)) = 20(g)d,..8(q-g') s (3.1.46) 

(Gemekty, OC; aki t'))=e2|kigeero (kak). -- (3.1.47) 
The following remarks are in order. The wave 


functions satisfying the first of equations (3.1.12) with 
the normalization and closure conditions (3.1.15) and 


(3.12138) may be written 


(t) = -3/2 _(t) ikx 
viel (sc) eet Aaa) Sir (k) e P (31-438) 


where et) and ey”? are two space-like vectors perpendi- 


cular to Pays and 


i) 5 04D, situe6 a ioe cn} Jee etoR e 






= cone et Je Sea 
¢ eit aru ev odd, aft 


hes | | : 
ie : lt DPS bio Theda 
, « 





Aapiat: ra ea ren 6h | 


kot or a (ik) 
(3) poe FH 
e k) = ———_ a ie 
u (k) Ga (3.1.49) 
4 
ec Yk) =n, (2ures0) 
with n a unit time-like vector. Equations (3.1.48)- 


(SL.50) sindiecate “that ee 


(x) and we Ge) Wiest Ot 

u 
satisfy the second of equations (3.1.12) separately. 
Consequently, the state constructed in (320,31) weleaice 
satisfy (3.1.10) unless we restrict ourselves to t, t' = 


1,2, and take a certain linear combination of t = 3 and 


t = 4. In any case, we have 


(RG; gkt), QGazk't')) = 2[K[6,, (kk), t= 12, 
Phe sa) 
which is positive-definite. 
Notice further that the definition of the dual 
vector which gives the orthonormalization conditions 


Gants ye (361.46), and (3.1.01) is not unique. For 


instance, we may add to the vector Q(pxr; >) the quantity 


6°) (oes 7) = fat a OY 4Y Uy” (8) 8,4 OMG, Ee 


where A(x) is an arbitrary scalar which vanishes at 


|x|>e©. This will not affect the normalization (3.1.45) 


because 
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=O . (#71753) 


We shall eliminate this arbitrariness by requiring the 


states Q to satisfy the conditions 
es Re CS SCS (3.1.54) 


The meaning of this condition will become clear in the 
discussion of gauge jnvariance. With this restriction 
the dual vectors are given uniquely by ede shale 


For the discussion of interacting fields we ‘CO 


duce the field operators 


es 4 net 

A, (x) = c,, (x) + fd-y Dy(x yc, (y) ; (3.1.55) 
eee econ Bri (3.1.56) 
~ Pe ey : 

p(x) = ~b(x) - i Lduysa (y) S. (y-x) ’ (3.1558) 


which obviously satisfy 


[a (ep ag Gal = oo (3.1.58) 
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(w(x), bly)} = {¥(x), vly)} = {b(x), bly)} = 0, (3.1.59) 
and also 


< et 
OA, (x) Oe, (x) + ic. (x) P (3260) 
dy A(x) ee oec (x) +ifatys D ee ea (221961) 
vay wou uc u : oe 
(en PGOnee rim) aiGcieeeib ICUs: (Gaiao) 
(x) (-yd+m) = -b (x) (-yd+m) - ia’ (y) : (34) ey) 


As is readily verified, the non-vanishing matrix elements 


of a) are given by 


an ee CG) 
(Qor 2 CaAG: *tk)) = es (ee, (3.1.64) 
Gun Su SiIGeN earre) Ca tw ies) = aay yee (a51es} 
cet t u O = kyu kv Suv ! Pra) 


so A, (x) (i=1,2,3) and A, (x) are hermitian and anti-hermi- 
tian respectively when sandwiched between 2 and ern 
the same way we find that Deo, is the hermitian conju- 
gate of (x) when sandwiched between states. 

The interaction between (x) and A, (x) can be dealt 


with as follows: Defining 


Ast) ~iey,¥(x)A, (x) ; (3.1.66) 
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T (x) -ie P(x)y,A, (x) (aan ay 
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te eae Seal v(x) yp Cx) , (3.1.68) 


we impose the following field conditions on the state 


vectors 


{-(yatm)a(x) - I(x)}¥ = 0 , (J51.69) 
{b (x) (-y§tm) - I(x)}¥ =0 , (Q41770) 
{fle Gx) - J, Gx) TY Ome, (See) 
a - 
£8, ¢,, (x) fa yd D(x y) I, (x) ¥ =e (As 
which may be rewritten 
Fekg fe pe Nein Veen oT (seh Wie = he sz} W pete gl 3 
a! (yom) py (x) Wess SS ake (sey ¥ 1 OS elo 
Oy (Avot COY = ial GY, (Seer a5 
: cane, 
{OA (x) - J Cay aY = RS, 4 4S ed beng io 


‘ 4 as ey i 2 a 
ee) fa Poebent very! ifd yeux fae Mars A 
(35.157 S) 


as a consequence of (2 8rc0)y— (Sr ioS) : 


As in Chapter 2, we construct the states ¥ expli- 


citly. They are given by 
% jm §S@e-; (Sekai 
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S = exp [-i(H + Ftd td (ASL778) 
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where 


= 4 
aa) Gee TX)A (x) (STU) 
Ho being a c-number constant such that 


(Qo, S20) =l. (80) 


To veri pyethats). given sby (371. fy) easatbrsceues (oer aL LOX 


instance, we note that 


y 4 ' t 
[a,c (x), H]@ = fa xo, (xt ye To tx) « goles ol 


. 4 yt hes 
ifa’x J, (x')8,,D, (=) (2B ie 
from which we find 


exp (iH) 9 c. (x)exp (-iH) 
wou 


pele = ce ahs Ae hs H] 


a,c, () + fatx'a Do(x-x")T (&") - (Gale) 


Since rs and H commute as a consequence Of, (eo eleoo mana 


(35.59) 7 we obtain with the help of eed ag EO) 
= 4 aes 
[3 ¢,, (x) exp (18) - fd yd, D(x oy) exp (-iH) ]Q 


= exp (~iH) 3c (x) =aQir (35515 33) 


and hence (3.1.72). 
It is this quantity S whose matrix elements between 
Q and % agree with those of the S-matrix in the usual quan- 


tum electrodynamics. We shall postpone this argument until 


later. 


; 
J $041 oe oe) Fa 









tos 2 eS xh) @ fx) 5 Cie 
, « : if ij > “. 


We (ELC) to soowpsanos » es souRiOD Fa ob a 
WWa.s.t) TO Ola Sit diet tee iGo ea , (02 cl EF - 


> 
ee 








* 
by »- 


-ALTEL)qxe (y) heb yna) ath. ON bi > (fis) mata) Mya 


Lo be - 


Pes ee : 
soi se a ad hb ~ 
- = = >: 8 = 
‘ 7 : 42 ad 
_— - — 7 ay, 2 


ae 


35 


3.2 Current Conservation and Gauge Invariance 


The fact that there is no field equation for p(x) 
and BG OS. casts some doubt upon the validity of current 
conservation and gauge invariance. We may expect that 
the current ar) would be conserved when operated on 
the state vector ¥Y on account of the field conditions 
(ee 73) (3-276). “However, the situation is not as 
simple as one can hope, since the field conditions heel. 13) = 
(3.1.76) have non-vanishing terms on the right hand side 
which have no counter part in field equations in the 
Heisenberg picture in ordinary quantum electrodynamics. 


Indeed, if we calculate ne tee we obtain 


-\ us 


-ie v(XDy,, (45,00 Gs 


2h Sirk 
= ie wy (x) {= (yotn) zr (-y +m) }y (x) ¥ 
de wi tite) + db (x) }¥ 
Pa apse Cea UG NY 


See hs = Soe: 


aH} 


+ iefa’y at (y)s_(y-x) b* (x)¥ 
- iefa*y at (x)s_(x-y)b | (y)¥ ; (era) 


Thus we see that the "ourrent" is not conserved in the 


ordinary sense. However, if we multiply (3.2.1) from 
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the left by Q and make use of the condition (3.1.54) we 


obtain 
(2,35, (x) ¥) =ar0}, O's Gh | (342-2) 


which corresponds to the condition of current conservation 
in the usual theory. The exclusion of the point ae 
causes no trouble as will be seen below. 

Next let us investigate what analogue the gauge 
invariance of ordinary quantum electrodynamics has in 


our formalism. For this purpose it is convenient to use 


a different set of vectors aha in place of e\"? in 
(3.1.48). The new vectors are given by 
@ (1)! = aul) ' CS a2 
u u 
eee ee (3.2 74) 
u u 
ORE AED ee . 
e =~ + (e'?/- eo") = ——"— ,, (3 92u5) 
uy 193 u u 72 (nk) 
k + 2n (nk) 
ACO 2s ee BS =) ey (3.276) 
. eee i 72 (nk) 


and the wave function is now expressed as 


3 fo) (t) Spake (2.87) 


tsp are =e ah la ; 


ky 


In this case the second of equations (3.1.12) eliminates 
only the t = 4 component of the wave function so that 2% 


may now contain states with t = 3. 2 may be written as 
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= (3) 
Q = 20x - (3.2.8) 


where Qn contains only particles described by the wave 
: i 
functions tae Tea: and 9 () only those described by 


Bg Ge). We expand Qf) as 


9) 29 + farkc™ (epoca) + farksaretc 7k) Oc) teee, 


(322 50)) 
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403; 3 Aae pe the (sys 
o(k,k') = fa xo) (xu) (x) fa Oe COIR, ee 
etc. Whe ws ped EW) 
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where 
A(x) = Hi (rie 4(ark ee tc (1) (Ryette o (1)* (ket kX] 
¥2 (nk) 

(Si 20 02) 
Obviously 


CA Gx)e Seed « 


From the above calculations it is seen that what corres— 
ponds to the arbitrariness of gauge of the electromagnetic 
potential in ordinary theory is the arbitrariness of the 
expansion coefficients cf) (K) of (3.2.9) in hyper theory. 
Denoting the second term in the expansion (3.2.9) 


by A. we may calculate the following two quantities: 


1 Loti A 4 t 3 
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where use has been made of the commutation relations 
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which shows that our S-matrix is "gauge invariant" in 


that it does not depend on the arbitrary function A(x). 


3.3  Dysons Equations and the Ward-Takahashi Identity 

Having investigated gauge invariance and current 
conservation, we now derive Dyson's equations as well as 
the Ward-Takahashi identity. Hereby, the equivalence of 
our formalism to the ordinary theory is established. 


We first note the equations 


~ (y 34m) (2,09 (4) (YY) = yr T H)9 (Y)¥G) + £6 (X-y) 
(33) 


s (4) 
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(3532) 


ae (4)°,0 
M3, (251A, (A, (vy) ¥Q) = 43,8 (x-y) (Faas) 


which follow from (3.1.69)-(3.1.72) and (S32) ae Lowe 
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(yatm) S! (x-y) = fa°x'J* (x-x')si(xt-y) + 644) (x-y), (3.3.7) 


U 41 t t A 4 
OD), Oty) = [atx (ex DL Gxt-y) +6 8) Gey) 
(3.3.8) 
where 
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< eae Se A (35 -7L0)) 


Tf we transform—(3.3.7) and (3.3.8) into momentum space 
and divide by (iyptm) and ep respectively, we erie at 
Dyson's equations for the propagators and the vertex. 

In order to derive the Ward-Takahashi identity, we 
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Then substituting (3.3.4) and (3.3.6) and transferring 
to momentum space we have finally 


ag 


o «(fa (3.3.13) 


é t by eee el ly 
a0 (pid) (p-g) = 28a "(pi aw Ss 


which is just the Ward-Takahashi Hdaneiey 34 


From the above it is seen that our formalism is 
completely equivalent to Dyson's. Therefore the re- 
normalization program can be carried out in exactly the 


same manner. 


3.4 The S-matrix 


We shall now show that the matrix elements of the 
quantity S defined by (3.1.78) with (3 a1. 79)* agree with 
the S-matrix elements in the conventional approach to 


quantum electrodynamics. Using the commutation relations 
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where the q's indicate specifications of both k ‘and t. 
Comparison with the similar equation for (2(; rhe ease Oe : 


' . A i . 
A. (x5) A, (xy) ST GF iy -+°Gy)) yields 
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Moreover,it follows from (3.1.55) that 


A, Gt JA, (x5) = SCH ESE ee, & cee iD, (X-*) 6), F (344.5) 


and in general 


Tee ee) Dig toe) we es lee es ee ek 
lei 1 bs : Hy ¥ ra n 


Dee? Ge 1) 2 at tase (324.6) 


iD. (%5-x,) : My 3)0°° s: 4 


Therefore, the product of operators on the left side of 
(3.4.6) corresponds to the chronological product of the 


interaction picture operators in ordinary field theory. 


In the same way it can be shown that wixdy, 
behaves like the hermitian conjugate of w(x) when it 
occurs in a normal product sandwiched between Q2 and Qi, 
and that the Wick expansion in normal products holds for 
products of these operators. 

From the foregoing discussion it follows that the 
matrix elements of the operator S in (3.1.78) agree with 
the S-matrix elements in the usual theory. We shall 
demonstrate this agreement to second order. 


The second order term in the expansion of our S- 


matrix is given by 
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7 yt Xot? A, (x) )A, x5): iD, (%2-*1) 6} 


ere qT 
x (-b (x) y, a (x) ) - ifd’y,b (yyy Sq (Xy-¥) by) 


wo, 4 \ 
= ifd za (24) y 8, (24-%1) a(x) 


4 4 i ul 
fa y,4d za Aid geese tote 18 1S (y,)3 


x 


{-b(x,)yalx,) - ifayyb"(y,) 185 (xg7-¥2)b (Xp) 


ifdz,a' (25) y,8,(Z9-Xy) a (xy) 


Ae Aen T 
d°y5d za (25) YS, (29-%9) 8, (XQ-¥Q)b (y5)3 


Ape) (ate Rs (EN GLA le) Do eee 
2! Toe A eT DearS PSD e eet 
x2 0 Oy) yy 0 a) Yb Xp) elo ok) 
x W(X) YY (Xp) 
+ iS (x5-x,) : ee (x4) (xo)y +8, (x, -X5)S,, (x9-21) 7, ¥,} ’ 


(S40) 


where we have used equations (3.1.55)-(3.1.57) and (Beas) 


along with the easily derived relations 


P(x ,)W (XQ) = 2 VG) Y le) +t + 18, (K%Q-x)) (3.4.8) 
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and 
W (x1) 0 (x5) =: v (x1) 0 (x) ace S cate ae (3.4.9) 


From (3.4.5),-(3.4.8) and (3.4.9) we see that the contrac— 


tions of the various field operators are given by 


(x, )¥(k,) | = iS) (o-x)) (3.4.10) 
Mee (kaye ioe kus (3.4.11) 


A (x, )A, (x5) er Cee , . (334,72) 


and in the same way we find 
B(x) v (x1) 0 (x5) (XQ) = S_(x5-x)) 8, (%-X9) (34713) 
ane Ee Pea 


Botting (s.4.10)-(3.4.13) in (3.4.7) we see that to second 
order our S-matrix elements agree with those in ordinary 


quantum electrodynamics. 


From this agreement of the matrix elements ata 


follows that our S-matrix satisfies conservation of pro- 


bability;o1.c., 


2+ SQ4)* (8,1 S21) = (ar 2) , (oars) 
and 
Ly. SQ) (By, S®)* = (My, M1). (3.4.15) 
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corresponding to the unitarity of the S-matrix in the usual 
theory. 

We have applied the general theory developed in 
Chapter 2 to the quantum electrodynamics of a spin 1/2 
field and have shown that the matrix elements of our S 
agree with those of the conventional S-matrix. We have 
also shown that the formalism is gauge invariant. Dyson's 
equations for propagators and the vertex, and also the 
Ward-Takahashi identity have been derived. One advantage 
of our formalism is that the indefinite metric does not 
have to be referred to. We note, however, that it is very 
Grveerculte in our Lormalism to prove the spectral represen— 
tation of propagators. This is because the causal propa- 
gator appears directly in our formalism ie EAA 
to the positive and negative frequency propagators. A 
proof of the spectral representation is usually Carried 
out by asserting that the positive and negative frequency 
propagators separately satisfy the spectral representation 
and then combining these two to form the causal propagator. 
We cannot use this argument here. 

Now that we have demonstrated that the electromag- 
netic field can be hyperquantized consistently in a gauge 
invariant manner, and indeed that the results of quantum 
electrodynamics can be exactly reproduced using this 
formalism, we shall proceed to apply this technique to 
the electromagnetic-spin 3/2 interaction where ordinary 


quantization procedures fail. 
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4, THE ELECTROMAGNETIC-SPIN 3/2 INTERACTION 


In this chapter we shall apply the technique of 
hyperquantization to the system of an electromagnetic 


field coupled to a spin 3/2 fiela.??? 


This system 
presents problems when handled using conventional quan- 
tization procedures as will be explained shortly. We 
shall see that the difficulties inherent in the use of 
the ordinary theory will not arise in our formalism. 
However, the proof of probability conservation (unitarity) 
is not as straightforward as it was for the electromagnetic-— 
spin 1/2 coupling. This is because we cannot compare our 
S-matrix clements with those of the conventional theory 
since the latter have not been found. No general proof 
of unitarity has been forthcoming. In this chapter we 


demonstrate it to lowest order in the perturbation expan- 


sion. 


4.1 The Johnson-Sudarshan Inconsistency 


The system of a spin 3/2 field interacting with an 
electromagnetic field cannot be quantized by conventional 
methods. The reason for this was pointed out by Johnson 


2) 


and Sudarshan and is explained below. A knowledge of 
the explicit calculations involved is not necessary for 


an understanding of this thesis and will not be given here. 


oh 












wc Ligia ov aL tee if? at . . 
10 mis ‘= 419 Oa it we &. inne 
e — 
. 
(1 at | S\r al pr o¢ haltyipes 6am 


teu bethiad. gollw exidoes ataediay 

Lilwe = : oo a4) oot teses a 

ib atts + ts ER er ‘had eee Linde 
EL koro ‘hho ad 


by © . br ewro1 ide Lhwie. 2a Ion at 
sidt .péblgian Tt aia 


ite ol 6 epee ei aad 
: 


. 


tm fiery , . = ol Pry ie ’ it : ; iis iat ait _— 


ee 


~ on 


¢ 


49 


The reader wishing a detailed knowledge of these calcu- 


2) 


lations is referred to the original paper. 
According to the Schwinger's action principle, ? 
the variation of the action integral over a volume bounded 


by two space-like surfaces may be expressed as 


O 
Sahel (i) waa bo ale Sha) Coen) 
O 
1 


where 04 and o. are space-like surfaces bounding the volume 


2 
of integration, ~(x) is the Lagrangian for the system, and 
G is the generator of the transformation giving rise to the 


Waceaeron. | Thus, the variation in the freld operators 


undergoing this transformation is given by 
éy(x) = [p(x), G] . (4.1.2) 


Equations (4.1.1) and (4.1.2) well determine; both the 
equations of motion and the field commutation or anti- 
commutation relations. 

Under Lorentz transformations the Rarita-Schwinger 
field has components which transform as spin 1/2 and spin 
3/2 fields. It turns out that these components are not 
independent, but are related by equations of constraint. 
Therefore, the variations of these components cannot be 
done independently in (4.1.1). Taking the constraints 


between these variations into account, Johnson and Sudarshan 
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have shown using (4.1.1) and (4.1.2) that, when the 
Lagrangian 24{x) contains coupled electromagnetic and 

spin 3/2 fields, the requirement that the anticommutators 
of the fermion field operators be positive definite demands 
that 


m? > = Je H| (4.1.3) 


everywhere. Here m and e are, respectively, the mass and 
charge of the fermion field and H is the magnetic field 
intensity. However, we can always find a Lorentz frame 
in which (4.1.3) is violated. So we have an inconsistency 
when ordinary guantization procedures are applied to this 
system. 

Now, as we have seen previously, the field commu- 
tators or anticommutators are fixed at zero in the formalism 
of hyperquantization. In the case of the electromagnetic-— 
spin 3/2 interaction, therefore, the aforementioned diffi- 
culty of negative anticommutators will not arise. In the 
following sections we shall investigate the hyperquantiza- 
tion of this interaction to determine whether other incon- 


sistencies are present. 


4.2 Formulation 


Let us consider the interaction of the Rarita- 
Schwinger and electromagnetic fields. The electromagnetic 


field can be hyperquantized in a gauge invariant manner 
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as was shown in Chapter 3, and no further discussion on 
this point will be given here. 
As usual, we begin by introducing the creation 


and annihilation operators obeying 


faj(x), atv) = 6,6) Gey) , (e220 
{bj G, Bi)? = 4,,6°°) (ey) (4.2.2) 
Fe Clee gece) a (4.2.3) 


with similar commutators or anticommutators of other 


operator combinations vanishing. Here u,v,0, and p 


have been suppressed. In constructing the above relations 
we have assumed the relation between spin and statistics. 


The vacuum state Q6 is defined such *that 


a, (x) 2, bx) 2, = (OM, (A254) 


(45 2) 


i 
ro) 
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Shey 


and this state, together with the creation operators, may 
be used to construct a Fock space which is as yet not 
connected with physical reality. From the statesof this 
space, we now select the physical states which satisfy 


the restrictions 
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Hu vee : 
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op Sen oe Ccom = am E30 bo oe 
(429) 
The operator (4.2.9) satisfies the identity 
A(3)d(3) = d(a)A(3) =O-m? , (4.2.10) 
with the Klein-Gordon divisor d(d) given by!) 
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can be shown to satisfy the relations 


(3 (3 a (oar ana : (4.2.14) 


and 
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Moreover, the energy-momentum and charge operators, 
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é o} (x) (8-9 Ve, (x) } ’ (Ae 1) 
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Q = efd*x fal (x)a (x) - bh(ebl Ge}, (4.2.17) 


are easily seen to obey 
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example, taking the Hermitian conjugate of (4.2.21) 


gives 


ea! (x) = [a" (x), ‘site (4.2.24) 


The states 2 satisfying (4.2.6)-(4.2.8) and the 


dual states 2 are constructed from PEQGUCLS Of the 


operators 
ng ater a ea (aoe os) 
p Oo po T e e 
p(s)" ~fatxv'S) (x)! (x) (4.2.26) 
. pa Y : By. J 
cP 
(ed ens OL ie) 
Cy = fd XC, (X) Uy, isc iy, (Ae 24.27) 
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6) eel + (r) | 
AS = ifdo, (a, CNT, opp Coler (422-28) 
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By = LJdoy ()Vgg CT,  gpPp (*) F (42,29) 
Wee 
ci = “i fd0y (4) ¢) CY Gy, (94,7 4G,” OD Ne (428) 


respectively acting on the vacuum 2, in the same way as 


in Chapter 2. The wave functions under the above integrals 


obey 
(T) (x) = (S) (x) = Anos 
cede (x) Bed ea (x) 0, (4.2.01) 
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together with normalization and closure conditions similar 


Cte be er ate has For example 


~ifdo, (x) E55 (x)T ult") (x) = 20 (p) 6,18 (p-p') , (4-2-33) 


A,9P py 


; 5 
CaP edb raelel ee ey eee cha 
, Du) (p) baste) Sos laa (x') = id, (2)4 (x-x') 


(4.2.34) 


Kewin Chapter’ 3, the orthonormalization conditions for the 


physical states can now be shown to be 
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HT 
1] 


(5 Vy DD = (9, 0010, NE = (Hy 2 FV, VD = 0 


(4.2.42) 


A A ' ' are = 

[ oe As )] [A Ge) 1p )] [A (x) eb OO] = 0, 
(4.2943) 

To obtain the interacting states of the system, we 


make the substitution 9 + d-ieA Tn 422). 0) 2 and (A 
with the result 


[Ag (2), (8) + 55 (x) - ipl(x)I¥ = 0, (4.2.44) 
[y, (IAL, (-8) + 3, (x) - jal (x)]¥ = 0, (4.2.45) 
pers 
g(x) = ie Ty go¥, CA, () 4 ond (75584 6) 
gmx) = “ie BCT) gh, OO) (4.2.47) 


use having been made of (4.2.39)-(4.2.41). The states ¥ 


satisfying (4.2.44) and (4.2.45) are given explicitly by 


ye ee ey (4.2.48) 
with 

Ss = exp[-i(H + HO)] : (4.2.49) 

fi = -fa’y boly)d,Wy) » (4.2.50) 
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It is the operator S which corresponds to the S- 
matrix in the conventional theory, and which will be 


the object of discussion in the next section. 


4.3 The S-matrix 


From the foregoing formulation it can be seen that 
the Johnson-Sudarshan difficulty, which besets the con- 
ventional approach to the quantization of the Rarita- 
Schwinger field, does not arise in the hyperquantized 
formalism. This is because we fixed our field operator 
commutation relations (4.2.42) and (4.2.43) at the begin- 
ning, and we do not find Lorentz frames in which they 
become negative. However, we are, as usual, faced with 
the task of showing that the operator 5S, defined by (4.2.49), 


satisfies 
“a a “~ ~ Ps 
bys SQ.) (Qae SQ,) oy Qa) 5 (Apis 21) 


corresponding to S-matrix unitarity in the usual theory. 
We have thus far been unable to prove this condition in 
general, and we content ourselves here with an explicit 
demonstration to second order in the perturbation expansion. 


Equation (4.3.1) is satisfied to second order pro- 
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where, according to (4.2.49), (4.2.50) and (4). 25.46) 


5) ea ee “~ z 
si*? = Sfa°xd"y +: w(x)P,w(x)A, (x) 2b (YT W(YIA, Cy) Fs 
(An. 2) 


In the usual way, we can expand the matrix elements of 


this operator in normal products to give 


2 2 . a5 8 ee 
yr 82)9,) = Sfatuaty 05.29 In FY Odd (yn Ty): 


+ i:h (x) Td (3) A, (-y) Fwy): 


+ isb(y)n Pd (-a) A, (xy) Py (x) 5 
+ tr{d(-3) A, (x-y)T,d (3) 4, (x-y)T 3 
Relea (x) Rtv) 2 i6 DQ (x-y)19)) (4,354) 


In writing (4.3.4) we have used the contraction formulas 


v5 9, (vIn Mg) = 44,, (2) AQ (eY) (4.3.5) 


(ae, U, In TH, (¥)M) mid (-8) AQ (HY) C4uaee) 


(Qi, A, (x)A, (y) 2) is ,D, (s-y) : (493527, 


Now, (25, aieharys is found by taking the complex con- 


jugate of the above expansion and making the substitution 
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1 ue 2. onToldo 'thishwe motesthat;sas shown in Chapter 2, 
~ -1 ae 

w(x) n behaves as the Hermitian conjugate of (x) when 
sandwiched between states in a normal product. Further- 


more, using the relation 


Lt 


[d(a)]? = [a(a)n 1" = d(-a) , (4.3.8) 


which follows from (2.1.2) and (2.1.4), we find 


~ -1 ap Fase bed . 
(2H, (IY, (yn nD) 8x id |, ( 3) An (x wy oy (A239) 


= = ~ a= x : 
(25H, (XIN, (YIR)* = 14, (BAC Gey) (4.3.10) 


and from (3.4.3) we have 


(25 ,2A, (X)AL Cy) #23)" = gngieg ane sas (IAS Geko ih: (493% LAL) 


1) 


Using the above formulas together with 


mat - 
2 Ee = Meeks te 
I's [nt ,] She pe a P (4.3 ) 


we can generate the matrix element 


2 y ae 
(5, s{2)0,)# = Sfatxa®y (5,20 (y)n “Fo (yb) n “Ty (x): 


isp (y)n Ed (-3) Ag (xy) Fo (0) + 


ish (x)n Pd (3) 0% (xy) TY (x) + 


+ Tr{Pd(-3) 4, (x-y) Td (3) A, (e-y) } 


x 


[:A_(y)A, (x) - i6 Do (x-y) 194) (A33.150 
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The sum on the left hand side of (4.3.2) is obtained 

Girectly from (4.3 84jyrand (4.3.73). The term in each 

of these equations with no contractions is zero by energy 

momentum conservation, and will not be considered further. 
We shall now investigate the terms in the sum 

(4.3.2) and show them each’ to be zero. The first sucn 


term we consider is 


2 
1, = efatxaty sh (x) n Ty Gb yyy) # 


RAGPSIED. Gewy da Oe, DAY) } (Ase 4) 


where we have made the interchanges x <> y and x <~ i in 
(4.3.14), and sandwiching between ty and 2, is implicit. 


The quantity in curly brackets in (4.3.14) may be rewritten 
. . * a 
16,0, (% y) 16.,D,(% y) 


= 16, [- > p 1)? (x-y) - D(x-y) - x p 1? (x-y) + D(x-y) ] 


= 6 .p') (x-y) _ (4.3.15) 


KA 
uy) 


where use has been made of the identity 


pox) =- $7 ~ - BE , (4.3.16) 


Nh 


with the real functions p') ana BD given by 
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egy crest © jechape ntl ancl (4.3.17) 
(27) 
Dixy =e | imap e | (4.3.18) 
(27) —© k 


P denoting the principal part of the integral. Putting 
(443.15) in (4.3.14) and noting the delta function in 
(4.3.17) , we see that Ty contains both fermions and the 
photon on-shell and is therefore zero by energy-momentum 


conservation. 


Another term in the sum (4.3.2) is 


oe e” pataaty sd (x)n tT, (id (8) A. (xy) 
ie al 3K yi: x) 1 7 ah e ay 


= id (9) A% (x-y) HT Ww (y) 2A, GAL Cy) : (Avsen9) 


For the factor in curly brackets above we have 


id (3) A, (xy) - £4(8) AQ (xy) 


Beta) te 4 A) (x-y)- Rx-y) - $a!) (x-y) + A (x-y) ] 


- 403) a (x-y) (4.3.20) 


use having been made of the equations 


nat Luu Gla et Ar 
a(x) = FAN GH) - AG), (4.3.21) 
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Rs icp ee 3 fddpdtceunaleaeee / Wyeeres 
(21) 
A(x) = —L> P fa*p a5 el bia fag 33) 
(27 ) p +m 


Equation (4.3.20) substituted into (4.3.19) indicates 
that I, again contains three on-shell particles, and is 
therefore zero. An identical argument shows that the 
en | 


2 


4 id (-9) A* (x-y) }T, 0 (x): 2A) (XA, Cy): (Ano 724) 


of (4.3.2) also vanishes. 
We have yet to consider the terms which have two 
internal lines. Let us first examine the one correspon- 


ding to the fermion self-energy, namely 


Hy aS se fa’xa”y (Ayn: (x)n TAA, Gy) (y): 
x 6D, (x-y)%)) 
es e fatxaty af) GATE Oe GewIT, ep” (IP, Ory) 
(43525) 


Making the substitutions 


ata ilacG Meinl erhaney © (4.3.26) 
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II 


-4 + 
- (20) 4fatp =>,— e*P* , (eid927) 


ex) 
c ie 
Deerioe & 


II 


-4 . 
-(2n)4fa*k =+— e*** (4.3.28) 
k= i€ 


Dy, (x) 


and performing the integrations over x and y, we obtain 


th 
(27) 





z = fatpatxs 4) (kt+p-p,) 6) (po-k-p) 


3 


= 9 (r) a 
Tyu (py) ie 
-ie 


d (i (k-p,)) 








(k-p,)*+m°-ie 
(ARS 29) 


We can use (4.3.8) and (4.3.12) to show that the numerator 


of the above integral is real as follows: 


3 on s ) 
Ses (2)F 9,,4 GPF 9,27? (Py) 
= ey \Pedtip)pous (oe (4.3.30) 
a Pyds po Be Die. * oe 
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the particular frame Pj= 0 and define the real quantity 


2 + iy 
Dik ere [ope a rue tap gba) Ube) Dp 
(27) 
x A (i (k-p,)) Fa ™? (1, ee (Aad) 
: 1 


Equation (4.3.29) then takes the form 


I4= farkfak, ——_ Pus) _ . +— (4.3232) 
~kotemk otk +m"-ie “kotk -ie 


The denominator in the above integral can be split into 


partial fractions in the form 








(k7+ ic)k Boe ic . 

x oO aL ii 

rae oh 5) ey : q [2m-ko]- —> 2 

2m(k + € ) “kotk -ic 2m(k-+e.) ~kotemk tk -ie 
(Ams ao) 

so that 


D(ik)k, D(ik) [2m-k)] 











ii) fer T2(e; Yn foes core eer 52} ak, (4.3.34) 
a -k*+k"-ie —~k*+2mk +k™-ie 
oO ~ Oo oO w~ 
where 
2 1 k*+ie 
G (k ) a ee e (A 3.33) 
a Die eat Nae 
k +e 


The integrals in (4.3.34) are not convergent. We may, 
however, put in a real cutoff which will not affect the 


reality properties which are the objects of interest here. 
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With this in mind, we shall perform the k, integration 
indicated as though the cutoff factor were already 
absorbed in the quantity D(ik). The first and second 


integrals have poles at 


koF +(|k| - idé), 6 = 2TkT ; (423220) 
and 
k= m4 (Asta 18") 
St w(B Ow) dee sc ; (46337) 


respectively. Therefore, choosing to close the contours 


in the lower half plane, we have 





D(ik)k, 
dk eT Dik) hae Ie eee (4.3.38) 
3 FRE Kom Dsl - 88 
oO ~ 
and 
D(ik) [2m-k_] : 
[Gh 5. See a ee NS eee = 
© -Ko+2mk tk" -ie O 


(453/239) 


Putting (4.3.38) and (A353 9 ert (4.3.34) and taking the 


limit e + 0, we have finally 
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which is pure imaginary. Consequently, the fermion self- 
energy term in (4.3.4) cancels the corresponding term in 
(4.3.13) when they occur in the sum (4.3.2). 


The photon self-energy term in (4.3.4) is given by 


2 
4 5 = — 7 
p= S faéxa4y (Q,, Trld(-a) Ag (x-y) Td (a) A, (x-y)T 3 
x tA, (x)A, (y) 22y) 


e* 4 (t) 
e- fae xd"y Tr{d(-3) A, (x-y)T, (3) A, (x-y) TP duyy” (x) tay y)- 


(43.41) 


Substituting (4.3.27) and 


(t) a = 37 2° Ce) ikx 
Brey ()e= (21) 2 (k)e (4.3.42) 


Te (425. 41) and. integrating over x and y we obtain 


=e) (t) 
2 e (k)e (k) 
iS 2 Se See (k-k') 


[2w (k) ] 


tr{d¢ip)T, d(i(k-p))T, } 
x fa"p >_> : (4032435 


(p7+m?-ie) [ (k-p ) Bee ey 
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where we have used the cyclic property of the trace. 


Therefore, we may define the real quantity 


| x aan (k)e 0 (k) ; ' wk, . 
R(ip) = -—-- CSO (k-k')Tr{d(-ip)T,d(i(k-p))T J}, 


2(2n)> — [2u(k) 1° 
(423745) 
and rewrite, (4.3.43) 


ae R(ip) 
I.= fa p 
= (pommeete wtih op) am 21 


lento) pet co (py RAty) 
a farp {fap t te = x = 
aes 1€ 





lertoyp + Gc, (pb) i R{1p) 

1, Veo Ass Ly 

+ fap, hoe. Le ee ee 5 ; i (4.3.46) 
-pot 2up t+ W°- 2k.p-ie 


where the final form was obtained by Splitting, tie .aeno- 


minator into partial fractions, and where 


eee er ; (Anya) 
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Cra CRM amon {wlw“W (k.p)“] + iwve} , (ans. 49) 
1 22 2 ae, 
Coy = DA tii. O) [w Ww- (k.p) ] ar abe (k.p)e} ’ (4.3.50) 


[2u2- (k.p) ]{w2w2- (kp) 7+ iw*[2u*-k.ple}, (4.3.51) 
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with 
4 4 
Rees WN ey AR Die: oe (4.3.52) 


The first and second integrals in curly brackets Ruel 4ae 40) 
have poles respectively at 


S 


Dee +(W - 16) ; 6 = Ww ; 


Pea aap Ht ee 2(k.p) Se AS - idé' Pe ee 


2/p7-2(k.p) +w* 


Consequently, if we note that the quantities defined by 
equations (Ao ont) — (45.3531) are real in the limit as e> 0, 
Ptr Follows that I, is pure imaginary by che cane procedure 
as was used to obtain (4.3.40). This means again that in 
the sum (4.3.2) this term will cancel the corresponding 
term from (4.3.13). 

As a final point we note that the terms in (423.4) 
and (4.3.13) with no external lines need not be considered 
since they will be eliminated by an appropriate choice of 
Hy in (4.2.49) so that (44275 Deis satisried. 

This completes the demonstration that to second 
order in the perturbation expansion conservation of pro- 
bability is satisfied. No complete proof of untarity has 


been forthcoming and it remains an interesting problem for 
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further investigation. It is an interesting point that 
the demonstration given depends on the spin-statistics 
relation (2.2.38) being satisfied. Otherwise, for example, 
we could not show that b(x)n > behaves as the Hermitian 
conjugate of w(x) when sandwiched between states in a 


normal product. 


4.4 Spin 3/2 Compton Scattering 

It is desirable to give an example of a practical 
calculation using the foregoing formalism. For this 
purpose we shall consider the simplest interaction between 
the electromagnetic and spin 3/2 fields, namely the scat— 
tering of a photon from a spin 3/2 particle with a spin 
Sy ps intermediate particle. From (Ae 524) chic matrix element 


for this interaction is 


<G)(p'r"; skte') | Sipe: Kt) 
= fd?xd*y<f" (p'r'; rk't") Jie? sh (xin Pd (8) A, (XY) 
x Thy (y) 2A, (x)A, (y) + [8 (pri 7Kt) > (4.4.1) 


where epielrpeseaew het: i, and t' are the initial and’ final 
fermion four-momenta, the initial and final fermion spins, 
the initial and final photon four-momenta, and the initial 


and final photon spins respectively. 
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Now from (4.2.25)-(4.2.30) we have 


a(x')a(t') 


Qt | = <R(p'ntrikie')| = <0,|A se Cys 
= <Q _|[-ifde Rae GayF a_(z)] 
O oe p' Hrop P 
| (ey! 
De =i [do yay, (8,-8.9 O(X) ] ; (4.4.2) 
t ait 
ee = [i(prr.7 kt) ame ay cAay. [25> 


me 524% tr) 467 Ct} 
= [fd°za, (z)u,, (z) 1 [fdoxe, (x) uy (x)]|[Q0>- (4.4.3) 


Substituting (4.4.2), (4 ana (4.2.39) (402.41) oi 
(4.4.1), and making use of the commutation relations 
(Ae ty het o)e as well as the conditions (45 2. 4) sand 


(4.2.5), we obtain 
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he Se . ine 2 
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where use has been made of equation (2.1.22). In (4.4.4) 
we now make the replacements?) 
Hs, (y) = aa SP (p) elPY ; (4.4.5) 
VV fe 
al nye ear 
a Kays). Sieh Sy) eeouy Sac oee? (4.4.6) 
vV i 
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u CIS Saas e (4427) 
we Comrie i 
eee re Cee ps sy, (4.4.8) 
gs OTST ae 
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T ) Detneoie 


where V is the volume of 








quantization and w and w' are the 


initial and final photon energies respectively. On per- 
forming the integrations over x and y, we have 
<Q'|s|Q> = Hi ot = : (20) 4 fatp 
v~ V¥4ww' 
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The integration over p then gives 


<§'|s|a>= -i6“4) (ptk-p'-k") ty, (4.4.11) 
where 

Sen eS ali (ptk)] 
tes a a ae u (ou) [T’.e' ee ee 

2v~— Yww' = (p+k) 2 am 

+t.e SUE be!) wh) (ei (4.4.12) 

(p=k 6) 74m : 
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The total cross-section is then give by 


2 
2B —Y— . 1, fa’r’ Ge (pikop ikea) oe fig 
2 ov (27) (27) a 


(4.4.13) 


where v, is the relative velocity of the incident particles 


and in’ this case 


As usual we shall average over initial spins and sum over 


final spins. For this purpose we calculate the quantity 
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We now make use of the relation 


, a) (pya™? (p) ‘ = d(ip) » (4.4.15) 
Oo 


Bas 


to obtain 


a 4 
d[i(pt+k) ] 


oa Tri {fT .e' 5 
(p+k) “+m 


Z r.e 


Pate Cpa OU eens d(ip) 
' 2 
(p-k') “+m Oo 


x tree Gli(pH] pet ar.e! UAB piel} 


(p+k) 74m (p-k') 74m 
4 8 
x (2, 2). (4.4.16) 
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In the rest frame of the target (p = 0) this becomes 
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Therefore, averaging over initial spins and summing over 


final spins in (4845 l3)awe find through the use ofet4e4.17) 
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where { } denotes the quantity in curly brackets in (44517) 


and 
dQ = sind dé do 


where 6 is the angle between the initial and final photon 


directions and $¢ is the azimuthal angle about the direction 


of the incident photon. Use of the Compton cornea 


fie es gym 
> mw le — cose) ’ Ae ) 


allows us to perform the integrations ine(4.4. 19 )ewrtheache 


result 
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Hees als (poe) r.e(t)] alip')} . (4.4.20) 


where we have averaged over initial and summed over final 
photon polarizations, and energy-momentum conservation 


holds so that 


oie k + k' : (4.4321) 
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Note that if 1/w is factored out of the trace in 
(4.4.20), and the factors w'/w which occur are replaced 
according to (4.4.19), there will be no explicit variable 
denominator under the trace. Moreover, if the trace is 
expressed in terms of y=w/m, the only quantities which will 
contribute to the denominator are powers Of) wrnue seo 
can be seen from (4.4.19) that the denominator will be some 
Hower-ot, [i + y (a= cos0)]. Then, if multiply by the 
appropriate power of [Il etey Cis cos@)], what remains as 
the trace term will be a rational polynomial in y and cos0. 
With these facts in mind a numerical analysis of (4.4.20) 
was done as explained in what polos. 

The parameters in (4.4.20) may be explicitly cons- 


tructed as explained in reference 1. We find that we may 


take 
0 0 
0 w' sind 
k= : k' = ‘ (4.4.22) 
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0 1 
1 -cos0 ; 0 
ASO = pte oa = : (4.4.24) 
sind 0 
0 0 
Bet) Ord hee oe (4.4.25) 


A 1/w was factored from the trace in)(4.4-20).° Using 
(4.4.21)-(4.4.25) the trace was then calculated for 
various values of 6 and y on the I.B.M. 360/67 computer 

in double precision (16 significant figures). The result- 
ing data points were multiplied by successive powers of 
fey (2 —\cosé) ] until a fit was obtained to a rational 
polynomial in y and cos®. The fitted expression was put 


into (464.20) to give the result 
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peas: . (424929) 
~ rage 

Y = w/m (4,4228) 
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81 0 81 0 0 0 
243. -243 243 -243 0 0 
564 -696 487 -486 243 0 

c= |723 -1305 796 -326 243 -81 (4.4.29) 
ROT). 1284" glOlO) —244. 7 0 
206 -638 700 -300 38 -6 
50 -172 rey Bical. 30 0 


Results calculated from (4.4.26) agreed with those 
computed from (4.4.20) to a minimum of 12) signiticanc 
figures which is well within error limits due to round- 
off by the computer. 

A straightforward but tedious integration of (4.4.26) 


gives the total cross-section 








a [486 +3,888y + 12,219y7 + 18,927y~ 
Bye (it2y) 


4 6 


+ 15,5107 + 8182y> + 4344y 


ae! 3 epee ees 


_ Log (1429) (62 + 162y + a3y2 - By? - 30y Jk (4.4.30) 
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Note that for y = 0, (4.4.26) is identical to the 
differential cross-section for spin 1/2 Compton scatter-— 


Ca and is symmetrical about 8 = a/2- The total 
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cross-section in this case is therefore equal to the 


Thompson cross-section. However, putting 0 = 0 in 
(4.4.26) we find 
2 
R 7 : 
Sor Oo i AE 


j=l 


which shows that at zero scattering angle the differential 


cross-section increases with increasing incident energy, 


whereas in the spin 1/2 case ii iis energy i dspendenatd 
This completes our studywol jie electromagnetic— 
span 3/2 interaction. A discussion of what we have 


accomplished and of the results we have obtained follows 


in the next chapter. 
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F.  DroCusoLON 


We have hyperquantized the system Of ‘a Rarita- 
Schwinger field interacting with the electromagnetic 
field, and have shown that the Johnson-Sudarshan ancon- 
sistency does not arise. The reason for this may be 
stated as follows: In conventional quantum field theory 
the field operator commutation relations are determined 
in such a way that they are consistent with the equations 
of motion. On the other hand, in hyperquantization the 
commutation relations are given at the outset and the 
physical state vectors are determined so as to satisfy 
the supplementary conditions. Thus the way in which 
kinematics and dynamics are separated is completely 
different in the two theories. 

As we have seen, the presence of negative fermion 
anticommutators, when the Schwinger action principle is 
used to quantize the electromagnetic-spin 3/2 system, 
is due to the dependence of these anticommutators on 
the dynamics of the interaction. Johnson and sidaroian” 
have shown that this dynamical dependence arises for any 
field with half-odd-integer spin greater than Lyne 
However, because the field anticommutators are fixed in 


hyperquantization, they can never depend on the dynamics 


of an interaction. 
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The major difficulty in hyperquantization is that 
no general proof has been found that the S-matrix satis- 
fies conservation of probability which corresponds to 
unitarity in the usual theory. In the case of the 
electromagnetic-spin 1/2 interaction we were able to 
prove it by showing the exact agreement of our S-matrix 
elements with those of conventional quantum electrodynamics. 
The situation is more complicated for the electromagnetic— 
spin 3/2 interaction. No S-matrix elements have been found 
using conventional methods with which to compare our Own, 
and we have so far only been able to verify conservation 
of probability using the perturbation expansion. 

In other respects the S-matrix of hyperquantization 
is a much simpler object than that of ordinary quantum 
field theory. Its relativistic invariance can be proven 
directly without recourse to the perturbation es pana tone 
This is because non-relativistic operations such as 
chronological ordering do not enter. Nor does the inter- 
action Hamiltonian contain terms depending on the normals 
to space-like surfaces. One might expect this simpli 2a— 
cation to prove very useful since the S-matrix is a most . 
powerful tool for dealing with strong interactions. 

Indeed, we have seen that hyperquantization is 
essentially an S-matrix theory. Conservation laws, such 
as that of the current in quantum electrodynamics, are 
not required to hold at a point but only asymptotically 


when bracketted between states. 
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As a final point it is worth noting that, since 
normal dependent terms are absent from the theory, 
hyperquantization may prove very useful for dealing with 
non-local interactions provided a more general proof can 


be found that unitarity is satisfied. 
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APPENDIX 


NOTATION AND CONVENTIONS 


The following notation and conventions are used 


throughout this thesis. 
1) Natural units are employed in which fi=c=l. 
2) There is an implicit summation over repeated indices. 


3) The fourth component of a four-vector is imaginary. 
For example 


a = (x, ix) on (FL) 


and no distinction is made between contravariant and 


covariant four-vectors. 


4) The volume elements which occur in integrals are denoted 


by 


qx = dx, ax, dx. dx 5 ; (A 2) 


Qu 
? 
| 


= dp, dp, dp; ' (AG) 
and similarly for other vectors. 


5) For the four-gradient differential operator operating 


to the right we use 


9 rie 

$5 os all seem Saal (Mie ences) (A. 4) 
u OX, ~ dX, 

ae sor rEg ee scr) (A.5) 
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6) The differential operator 3, operates on functions 
standing to its left. For example, if f(x) and g (x) 


are arbitrary functions 
£(x)9, 9 (x) = [a f(x] gt) (A.6) 
f(x) (9 +9 )g(x) = 9. [£(x)g(x)] - (A.7) 
ee u 
7) The D'Alembertian operator is defined by 


Oo 


8) We define the matrix a such that 


a = 1 for p=v=1,2,3 
=-] for wu=v=4 
= fi for uUFV . (AES) 


9) A space-like surface in four dimensional Minkowski space 
is denoted by o, or, if we wish to specify that the 
surface passes through a point x, by o (x). Moreover, 
we define a four-vector differential surface area at 


the point x by 


do, (x) = (dx,dx 34x. + dx,dx3dx), dx, dx dx, ,-idx dx jdx3) - 
(A.10) 
10) We employ the standard conventions 
ik, Bb) = AB. BA , (A111) 
CA bo. AB oe BA  y (A.12) 


where A and B are operators. 
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11) The symbol +t denotes hermitian conjugation while * 


denotes complex conjugation, 
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